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o REEXTHEIHFEEE O(n) K
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HTEEL n— 1 RPUZTHME » MREFEREEE, mad
ZHMANE n TR ERERSTXRYTFARER R, REaT
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o IEUEAEEE n MIBREEE 0(0).

o Lagrange fRE4AHT O(n*) BEBRME n NEELREAZTIXER
HHEZ.

° ﬁ_lﬁ_gn?iﬂi n MIFRHREERY-RE. RE-RYRTIRFFRE
T !
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Discrete Fourier Transform

E#EEBEMIHE (Discrete Fourier Transform, DFT) S —1E%
n—1RPBTE » NRE, BEHF LR » N 0 REMIRRNRE
FKIEXUBELEZTRN » T RE.

ag, a1, ..., an—1 — A1), A(wn), ..., A(wz_l)

BREEM THRMNFE TR (IDFT) BEIERINES -1 WS

T n N n RBEARESE, MIERHZESTRANREFIER.
A1), A(wy), ..., A(w™Y) — ag, a1, ..., an_1

BHETRARNFHREEER, —EIFEMRATEREEN Tk
(Fast Fourier Transform, FFT) ByuERE %,

sunl23zxy (BITACMCLUB) A Convolution-Oriented FFT Tutorial August 1, 2023



SEUBRAIIR
S8 ER n 4 nORBAIRY

k 27k 27Tk . 27Tk

wp=en'=cos— +isin—, ken]
n n
RETHAME LN » 55, SRIFENESEREPHE—HERE

2t =1 B
FIARARERTA 1. 5 L T RURIERA ok SHRE
"EKIETR, EAEMT MRS RR vl = w).

Euler's formula for nerds

Euler A3 € = cos ¢ + isin ¢ B—FER AT ASEE M B —E X
exp z = limy, o0 (1 + £)" FITE LR ALFRAIRER [2]. A&, 2R
= RARBAEREHTHREEEN [3], Euler 2RX/LFERERR. B2,
XEB(E Euler ARIEA—FEEMNIESHER, ATAHEK.

SEMXEN wa = e 7, HRENESAIBGUE B IDFT S SRR
EEEER. EXE, DFT/IDFT Mgt EHRE, BEXARHR EE.
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Fast Fourier Transform

ZEEEL 20— 1| APBTHETR A(z) = 105" a4 FBHH
BAEL n— 1 RISTR A(r) = Ao(2?) + 24,(2?), HH

Ao(z) = ”il ager’,  Ai(z) = ”il aggi12"
k=0 k=0
RN z=wh,, ke 2n], PBMREESFELIIE (W3 =uk) B
A(wh,) = Ao(wp) + wh, Ar(w)
BRwW,=-1%

A<w§n) = AO(WfL) + wgnAl(wa)

, ke |n]
A(whthy = Ag(wk) — wh, A1 (wF)

R A(z) BUHEHA 2n B9 DFT B ARMER n B9 Ao(z) F1 Ai(z) B9
DFT. #BIFHEFAIEE] O(nlogn) RIEE.
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DFT HYZERERT

ig
ap 1 1 1
-1
ay .. 1 Wn, CL)Z.LL
a= : , F= (wg)(i,j)Enxn | : :
Gn—1 1 wnt w,(ln_l)(n_l)

M| DFT MTMER (LERE a0, a1,..., an—1 IBWKE n P n KA
MARASH S{E) ARTA

a= ] = Fa
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IDFT

HEAIRAERSIEATIE, DFT %ERE F HyS5ER A°

1 1 1
_ —(n—1)
1 111 wl Wn,
1 - —1ij _ = n

= n ( n )(i,j)Ean n|: :

1 wg(nfl) o w;(nfl)(nfl)
F2 IDFT g BARRA
a=Fla

WUIREITE IDFT 7575 FFT JLFE—8, REHIHE DFT Bk
RMARRMR v, A v, FIHRE _n%lﬁfu n BIA].

CiXBRAEL T—L/SH) DFT %8R 2 —/ FE4ERE.
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FFT %3553

DFT &4

FERN, HINAE n 25 2 HBAIER. LT C REHABE
P T#8)34 DFT #0 IDFT.

#include<bits/stdc++.h>
#include<complex>
using namespace std;
typedef long long 11; typedef complex<double> CP;
const 11 MXN=4E6+5; const double PI=3.141592653589793238461;
CP tmp [MXN];
void _DFT(CP A[],11 n,11 typ){
n/=2; if(n==0) return;
for(11l k=0;k<n;k++) tmp[k]=A[2*k],tmp[n+k]=A[2xk+1];
for(1l k=0;k<2*n;k++) A[k]=tmp[k];
_DFT(A,n,typ); _DFT(A+n,n,typ);
CP w(cos(2+PI/(2*n)),typ*sin(2+PI/(2%n))), wk=1;
for(11l k=0;k<n;k++){
tmp[  k]=A[k]+wk*A[n+k];
tmp [n+k]=A[k] -wk*A[n+k] ;
wk*=w;
} for(1l k=0;k<2xn;k++) A[k]=tmpl[k];
} void DFT(CP A[],11 n,11 typ){
_DFT(A,n,typ); if(typ==-1) for(1ll i=0;i<n;i++) A[i]*=1.01/n;
}
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FFT %3553

ERABS

// alternatively, use std::__1lg() in GCC
11 log2ceil(1l n){11l cnt=0; for(1ll t=1;t<n;t<<=1) cnt++; return cnt;}
CP A[MXN],B[MXN],C[MXN]; 11 outC[MXNI;
11* conv(1ll inA[],11 aN,11 inB[],11 bN){
11 n=1LL<<log2ceil (aN+bN-1);
for(1l i=0;i<aN;i++) A[il=inA[il;
for(ll i=0;i<bN;i++) B[i]=inB[il;
DFT(A,n,1); DFT(B,n,1);
for(1l i=0;i<n;i++) C[il=A[i]=*B[i];
DFT(C,n,-1); for(ll i=0;i<n;i++) outC[il=round(C[i].real());
return outC;

Drawbacks?
o IS
o IGRIEIEA
o HEMAT
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FFT &%

EHSEEL FFT AMNAEEH LEMRLE, FEETER C++ BE
FREHTHIIE. XFAEME, RAFBERKE LAY FFT B33 2B

ME— Y B R —— R I BRI 7

RUE—4 2°-FFT BTE TH EHRiTiE

23 0/000 1/001 2/010 3/011 4/100 5/101 6/110 7/111
22 0/000 2/010 4/100 6/110 1/001 3/011 5/101 7/111
21 0/000 4/100 2/010 6/110 1/001 5/101 3/011 7/111
20 0/000 4/100 2/010 6/110 1/001 5/101 3/011 7/111

RERTHA?
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HEITESMERT, 2"-FFT BLEEM T —R nfiiFE#R. SH¥
&, HIEA 2" MEMBERSER T X 2" MR HEIIHI 2.
A O(n) MIBHEFERBX—EHR

BRI
void spawnrev(1ll n){
rev[0]=0;
for(1l i=1;i<(1<<n) ;i++)
rev[i]l=(rev[i>>1]>>1)+((i&1)<<(n-1));
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void DFT(CP A[],11 n,11 typ){ // rev[] should be spawned in advance
for(1l i=0;i<n;i++) if (i<rev[i]) swap(A[i],A[rev[il]); // a one-to-one permutat
for(11l hf=1;hf<n;hf*=2){
CP w(cos(2%PI/(2*n)),typ*sin(2+PI/(2*n))), wk=1;
for(1l i=0;i<n;i+=hf*2){
CP wk=1;
for (11 k=0;k<hf;k++){
CP x=A[i+k],y=wk*A[i+hf+k];
Ali+k]=x+y; A[i+hf+k]=x-y;
wk=wk*w;

}

}
if (typ==-1) for(1ll i=0;i<n;i++) A[i]*=1.01/n;

BBRITRIE 5 AR B S5 SRR A
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NTT e

FFT BOBRE 7 iZF R RN X EH S E R E.

098244353 = 223 x T x 17+ 1, ERE—NEHL

BAHEH, EREMSEE p=998244353 FENXT, LHE
n<pht’, ELn—1XPWESTXBATHE » MNEEE—HE, &OT
ERRE-SE- ZBWAEKRESTAER.

RAMEH, WFHE n|p— 10 n, Kw,=3"7 EXNH w, EE
p EXTEEHIBHENH w, KIEHRMER, MA#HTHEEZES A
223 B FFT {544 p = 998244353 BN T NTT ByBuEE k.

REEMBAMREY, IBEMZERCAZHBUE, MEaITE
NTT & FFT BySCIf.

const PR=3,M0D=998244353;

11 w=gpow(PR, (MOD-1)/(hf*2)); if(typ==-1) w=inv(w); J

'EMAE p M ARTEN Z, FRABRARE » M ARALENSE FESFENITE
NTT REERZEE, HENE
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FFT/NTT in a nutshell

SRS 5INE

o XF DFT
o Discrete Fourier Transform, DFT, B&{&EEITI5#
o Fast Fourier Transform, FFT, {Rif{&E B 35#
o FFT 2itH DFT RyPESE £
o XF NTT
o Number Theoretic Transform, NTT, it 3c#t
o FFT ZEE g EMZ IR Cla] 4T, ™ NTT ZE4E p BHuE
Zpla) Ei#ET
o MUEITHE DFT / IDFT, NTT #8F FFT, #&—fAER “FNTT" B
Wik
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EARNH

KEHFE THEABATHFBAZMART, HEEREOIBH AR
HTFHFHEARRE 9, SEHIECETEERASIREL,
HiEZH NTT SCHADT.
Bt M EENaHtsmAER.
TR RESZTXHNABEABFHER, FTURESIFHENZM
XBEHEORXBAR.
(izE BEMEZEAUERSERIER. B2 EXT "RFg" 2
ik, 5" 2FE S TUBERERELA "5
FRE BEGWEEFABEEZERE, FFT AIBRE ZHFR
=R DC g o) .
EiEURE M HEEBEN, BEFTERNERE S0 S S it sk
RE, WG R LR R RSB QIR B30
Vandermonde 175X AV RIEITE.
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M H
#ig FFT

MENMKEHBNSIRANER, SattESERTRRAREERE.
KEAR—R, SNNEEERIE/NES (AiEgER).

HE—# CDQ Xigry4ria FFT. CDQ KT EFEwmAFRZTaxt
TIER, FEAMIEFCIN o = D i+ J = Kaib; B IR R SIRES AT AR A

LUERPIIEMEAERBXRE, AR ERIELEIRFREY.
PRT L 248 ) AR A A BT MR A R B A IR A iR R SR A

RS ZEH A

T(n) = 2T<g) + O(nlogn) = O(nlog® n)
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&R R R —MRSIRIRERTS. B HIIRTAS TR
XBRY, HIEERMNXIBETRAERRMNTE. EQFCHE
1TRT, WTAKEER T 85 T ITRE R4

EREBEASHFPNAI 2, BERRHRBIRIEEHASE
XTHERAIEVMIER ATHETARNTEFRRLY. RTFHERH
EHAREN, BAUNUET miiiid, BRAKFEIEE TR
Hi. FRMNBHRZFETRMGH—THR.

HE Taylor RFMIRFEHEER R EFUIHIBIAR.
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Ordinary Generating Function

F5 a, BIE@AERKEEL (Ordinary Generating Function, OGF) &t
EXAEMEHSTR (BRBEH) Al) = 1,2 anr”. EHBEH
BMEE AT ETFHITEIERETRIRE. $5508, Taylor BFF (ST
MoK EE) KEH = =1+2+2° +... Hh2EEHIHZ—°.

SHT5I%5I6 OGF. THrM 0 FFi4
0 1,0,0,0...

0 1,1,1,1,...

e 1,0,1,0,...

o 1,-1,1,—-1,...

01,2,3,4,...

0 1,248, ...

*BMAKFEE LT IRIE, RIVSLEHE.
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OGF HEE X

OGF 15k, BREE, RHR, BRRARITASEHANKHNEFHHE.

B H 5t EiaER OGF, 1L n {E AT TR,
o 7 m MIMmHIEH » MIARE
o BN n HEERTHRRIANA a; B9 m NMImEIT RE
o FL, EEMIRBETRT
o n MEARSHBN r MERSENAREW OGF, EXFIT.
°o FL, EETZ.
o WEY n HIFABETEBRZMIG R
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Exponential Generating Function

F5 a, BIFEEE KT EL (Exponential Generating Function, EGF)
EXA

+oo n
x
n=0 )

EHTIFSIH EGF, THRM 0 FFi5.
0 1,0,0,0,...
o 1,1,1,1,...
01,248, ...
0 0,1,0,—1,0,1,0,—1,...
0 1,0,—-1,0,1,0,—1,0,...
0 0,1,—1,2!, -3 41, ...
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EGF 4 (=] E'\X

MEM EGF HIFEIR

n=0 i=

EGF KRR, HETRRERSHEXRNBEFHE.
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EGF HAEX

Z—&-oo J +oo n e
ZazZ‘Zb Z}Zaznz<.>
n=0 i=0

S H T HIERER EGF, Ll n {EAKTIM TR
o KEA n BIHETIRIHIELE.
o KEH n RIEHEFIRIIGEIL.
o 1 n MEMRSHBN r MARSENARY, EXFEFE.
o & n NMERSHBN r M EHRSENARY, EXFIEE.
o # n TEEXIFTA r MEMARFTREY
o X% n TEAHARH.
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NTT JRIE

AFAENTT HEE.

FFT MESREZNZL, —RFWMARKERERE —REMA
RERRSiaRERE. RIMGERTHIER, & p B Z, ., R
Zn<p BAETL n MREE—HEES n— 1 XK Z, LHZTHR,
XRIET #¥- /B R EREMRE: B EFEREGEHMN Z, £
MARRBMR, FEEERS FFT HERMNSEEEME NTT BHERA
ARE.

NTT RIBFREREHLAET. KiFBIRIEIL DFT TR
FFT EiERE AEFER, MIFRAHRERE 46 SEMNIANRE
NTT FrEERIERMEGE IR, TXAMAT T AR, L RBRIE
FA[EITE Ol Wiki 3.
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B p BHug Z,

B p BH Z, RZIEBREE TEHME. FTEsERENKE
71, HREXMH

{(115@2 (mod p) . {al+b15a2+b2 (mod p)

by = by (mod p) a1by = agba  (mod p)

RiE.

% p BYEHNSE XS AR ER S TR fEE (F—) Sz, X—
REHIRH Bézout EEREEMA.

By BHENS AR TR E#EHERE, B

ab=0 (modp) = a=0Vb=0 (mod p)

TR—ARAIEL m R AR BN AR B Lt R
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Zy|7) EHI% RiR{E

ZIEIEREIIE Z, LRZTARKIERH Zy[a].
5138 (Z,[2] EZmRKEE)

1% A(z) € Zpla], R Zy[2] FH—RZWR (z— o) 3 A(2) BHTH
FERE, FERNFXAZSTRHSTR A(a).
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Zy|7) EHI% RiR{E

Lagrange EIE
1’ p R—1MRE, & A(2) € Zy[2]. FFRFATE A(z) =0 (mod p) R
BEE deg A(2) ME p EXTARREYHE, RIEXZHRXBREYS

—EHEE.

HIREIREA, #WE Z, LH—1EZ n- 1 XNSTE, A%
HEE n ME p EXTHRERT. Eit, ERARY-=E-REHHEMN
B Zp[a] LRIEREAITHY.
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B DFT E#E C ERMERAENX

wk .= e'n'i = cos 2mk + isin@, k € [n]
n n
Hw, RREZMEMIR, EACERTHEEEREMTR.
BX AN wy cged(n b) = L hEBREEN, EMH0E n—1
RAWEEERPTARRMR. XtEEiLF Bézout ERREENHA.
BANEX—KEZRRMRFRAKRFERMR. HREER, n KA
FEAR v, TEXWAT
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WMAIEX Z EH) “"RIRBAGAR" B ?
FRIERE m BN TER o = 1 FBR/NEZE » A o KB, 124
ordy(a). EAZRBENERT, WEIEH ord(a).

o MimxEASHE 7

Fermat /NEIE
o RRE, o 2EFH, M e» ' =1 (mod p).

Euler EIE

# gcd(a,m) =1, M o™ =1 (mod m), Hr o(m) 2HiLHH
Euler pRZge.

R p, po(p) =p— 1. ¥ Euler EIBE Fermat /NEIERI—MHET
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Euler EIEHYIUERA

EHRIRER

ZE = {a € Zy, : ged(a, m) = 1} #KFRA Z,, BIBURIRE. HHF
RENE m TiEHA. BUEREFHEITERBEEE n BEXTH
Me—T, BEME 2L b MR SH god ML MEAE IR

B RIRZRBIKNE o(m). XE Euler HEHEP—HENX.

% ac ZE, H#E Z, wEEST, HRNE

Vo, y € Ly, z=y (mod m) <= ar=ay (mod m)
HRE 7,y € 2y B, & L) EREER, BE
ZE — aZ% = {azmod m : z € 2L}
(5
a?(™ H T = H ar = H T= H z = o™ =1 (mod m)

TELE TELE 2Ell TELE
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a" RYER{E

a, m B &kt

#MFEVFIE o mod m, n € Z, ATEVISHILE Z,, RRITTE.
% ged(a,m) = 1 B, A ged MEMHAREX, B

ged(a,m) =1 = Jzp, ap=1 (mod m)

= d1g, a"2zg=1 (mod m)
= ged(a”,m) =1

BUtkRY o mod m RATFTEEERAS Z,, MU RIRE 28 T E.
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a" FIE{E
— iR

Y d=ged(a,m) #1H, & a=diar, m=dimy, &H n>1H,
a"mod m = dya;a™ ! mod dymy = d; (alanfl mod ml)

LT ged(ar, m) =1, RBEURRFREIL ESAREAPVEESE
AES " ' mod m X WHE b =ged(a,m) BAREF 1, WS
a1 = dpag, my = dymy. FEAMBEN T, REF di1 = ged(a, my) =1,

a” mod m= d; <a1d2 ( .. a;.c_lalk(a,/.can_’c mod my) . . ) mod ml)
WY n> kB, o mod m WEEEEA

{dldz ... dp(a’ mod my) : t € Z+} C didsy... deﬁk

=xE, (15, d8H ged(a, m) WEEETFE m PLEAYHITRIR.
OEXBSGS KRS BINTEL [5] HIES SIkAEMLL.
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EEFEMR, Euler EBEAAHT Z, ETERH—) LR, S
Z., HixfA
Va e ZE = ord,(a) | p(m)

mxtFALEAERR ged(a, m) # 1 ITTE o, A ged HEMHAGHRES
IERAEKIZATRE BT BREN 1. HANREX LT A 0.

R L EAPETRREIX BB LR o(m) FTER Zn ERIRIR, H
Ak o

[FiRFFFERETE

UESMERATEE S, RIMHIAE. BGBHIEFIES % Ol Wikil6].
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KB FNRAR

o KK, AT ordn(a) | p(m), KEF + REFRIFT O(/mlogm).
o HKIEWR, MNBIXKALIAKMAERNF. JNER—BASK
x

o ERMAEZESERAKFRENADRE.
TEHHTEFRROAINEE.

JFAR FIE EIE

Eeedlgm) =1, Mg R 2y LRBMEEEMR.  o(m) 05
NEEM p, BH g > £1 (mod m).

PEEER. RHE, RIEHAE o(m) HIEFLEFHIRE 9 89
By BT

BRI
% 2, LAFERR, WERRHMEA ¢ (o(m).

= T =
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Ly ERIZRIRBLIRIDE

B aR Zy E—E, Y nlody(a), Sw=a i BHEN
Wi BRE Lo £ n R EEATIR.

fE AT Bézout IR, W & L, EH) "y RAREMR.
XE Z, EAREAGIREEESE

EIBER, —BH 2, b, AEAGRT—E%E KRB
LUtk — | . XEREK, KANSIRAIERHER T Z5 51K
FIBERR, B—BH 2, BEERHERRT

UXRENAEE "R ENAFRLARBRFESMR E—RIFLH—PRE)
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Z., ERJ NTT
m EREL

RAZIBRIRE NTT ST TERERS v (7)o
KRR MRERITEREX—K, RLEABR m RRH

ARIE n FE Z,, RIEEST, BAEXK ged(n,m) =1. BELEX
m R, HEEMHTIPER.

b, SEBEEHH o (0f) M ANTT ER 0 R
B, Bonlowd, (o). BEEK m RRE, 8 L, PRHERR, K

BT 7, BI— A ER g 4975 0 AR JEBAGHAR w, — o7 = g™, X
ROMEREES m— | RBROGE, SRERMIRE

sunl23zxy (BITACMCLUB) A Convolution-Oriented FFT Tutorial August 1, 2023



998244353

AR FFT 3 27 RAERBAMARWER, AEEFEp=2"+1 8
MZFRE p, BATAE Z, EZFHFHEESH 2" B NTT/FFT REZE
THRIBTT.

098244353 =22 x 7T x 17+ 1, EHE—NEE, 7£ int BIhgE
KINRIREARSHEY, 2 OI/XCPC S th A A] LB 1 FHiE L3

ZEEENRKRTF Zy[2] L& SHERTHE, @ik NTT/FFT niESR
EERIERESEISTEIER.

CREILEEE UOJ B vileaking R EFMEEEBUEHEE E A%
¥, RIEETF AR RECIE B R 0.
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Zm ERYNTT

IF—HE m

Y m A—E2FREE, NTT FTRARERTA n- (w” >(ij)€n><n

R 1553#7\{’@% NTT Aar#. Eie, REFHZA, —8& Zn, £
W NTT BHROVELOE, WA (o)

,J)ENXn
BABKEI—BAEXIZOBAIS % 3Lk [7, section 3 and appendix B],
EBEAREEIIANERYE KBRTEE: Z, T2, EELEE
N, AT EPEENERAEEENAT Z,, LHERK, HEm®
HRHEE I EE.
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N e

RENFNESIE

NTT [FEEEEIFE "#F" EWRZ DFT £ARE EH—1%
Bl. ATER, RNESHASBR AR TEHE C Lay DFT. I
F&E p BHE Z, EBY NTT RENBRESZ FFT I —NME—HE
FHER XBFERMNATKERENERFEE, &M FFT BIERIA
RAZK.

REHFANBTABEREE BRFNEHSENEEEXPIMEE
5. ANHRHFEEEROAE. ABSERYNHRAHHEZER
SWFLEARRIRE. HRMITE FFT WERAARESR, FERNES
AEHRARNFHRR, HH/BIR BAFELE
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KESHEE

=1
T

AFTHEEFHENAZEAMPZHN, K. KEHSTRAFA
TRy, SMHSHREBHX TR BiHEH, SHRAMEZIXEEAR
E{EXBER, EXBRRMERTRHMTERERR. XEHMRAITIEE
HAEMNFT T K ERENERRE.

BREDAMEE (10 [5]), HHESE Ol Wiki B TCEAY 9
Fn Wikipedia B9 BREL [10].
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Z Iz

® (%) Fol {a} B— 1M RBEERNMEETNEFS, ExEY
%3 R E. W R EMETHKIY RlJ RBREHE LIRESRF IR
HESGUREENZEAEXHHMEE +, x BEFR. WIEET, &A1
SR Rz BIFSIFRA R LEI’Jé’aIﬁ"t FIlHRM T EHERAZTN
MR FIEEXHMmENREZREEBFINARAZTIXKE.

ZWMAIRERE. TENEX S EAKRFKAHRE. REFTAAIR
RIET ST IEMFENREX, MAXBMIEET, R ESTHK
FEAMAR— 1 IRRIESH.

8. IR, 35

.. BEEENNKRELEY, EhWnRELEEETHEA,
#ﬁ/@ﬁiﬁ"]ﬁiﬁ'ﬁﬁ- ISR, I LEX T IEFIR SEA AT AT

—EXHMFEE, BEEXTMEEMRAEEMNEE. ZHIFPHIFE
lflﬁ/i SRR BRINHPRFIETEGRES T, WEZHERIF.

AREPHHNEXBEFELEMT, AR

Y —RIER TR SRR LA K2, MIERLH Rld.
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Z Iz

SELESHETR A BH AQ) = 215 ad MFER. HARE
Tz AR2—MES, (NAFEN. REMEEmMER, FEETEX.
ZMRN A R deg A EXAEFESIEZTTAMCRIAE TR %F
AR, EXEZSTARREA —co. HEEST A, Be R[4,
deg(A + B) < max{deg A,deg B}. ¥ R 2EILOR, A, BHEHER
EFE, # deg(A x B) = deg A + deg B.
TEFIIAZTREX —MFRIZE. ST A FZmK BWE
A Ao BEXHA
+o00o
Ao B:= Z apB*
k=0
He B* R& k1SR BHRR. JBLBSHETK A FSTR
BHMEAEH A(B(z) = Y5 anBM(2) MR, AFESHWRMKEE
R, EEEEPNEETHRXZSTX MEMFEE.

PRERFHZIRAT, WHENE.
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A BRE

EABRHEXSSMANE—XHNZEARER {0} LEBRDM
EF. X, R EMEXTRBINEA R[]

HFSREMREE, EXABRBNESZEEEEN B LR
SRl AEEE RS, —RAEESAMRYHEHTRAAE.

DFT/FFT Mg S SMAES K C _ERSTRIR Cla] T,
NTT/FFT IR ST SR p B4 2, FHSTRIR 2,0
4T,
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HRERIE

ZINRTERFHZHRALIN. FMBEZERF, AHFFEETE o b
HR ab=0 = a=0VvVb=0. FIEEBHMIEIR. L R 2EINE,
R[z] W2 EIRC. BIF EATIUE X BB HERIEL.

EXEHREBERIIHEIRA Euclid 3R, 18 R ST IAERZ Euclid
BIN[G F7TEF2TVEESI p. 11]. EEFEMNZE. R B Euclid R
AIfE#EZE R[2)Y.

MEHRBZEPRIIBREE—STRE, WHERBREHREXT
BT IE th YA A IR E SR

T FRTA S TR RAVR I AR
VikikE Z[o) ER 22+ 1 KB o+ 1
UETH 1 MSTR.
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ZI R | BRE

NIREERE, ZHE / BABRBRREX T IEMFERFS.
ENBETAEBHNTRY. ENARFT, MREHY.

ZTR A WK R ERMESTXEE A(r) B AMRET

A:R— R, xHZaka

Hep {0} REERTEER. 3F R EHTEREF IR H1>.
SEWA | BABRBUARE, XEH 2 € B RREHWAZE,
SHER R FIEEENS ESEENEREXHE
glﬁﬁ@ﬂﬁ"lﬂﬂ%ﬂi%ﬁ')‘(ﬂ]@ﬂ%ﬂﬂiﬁ*ﬂiiﬁ, Bp
A+ B:zw— A(z) + B(z)
A® B:z— A(z)B(x)
REFRGILFREN BiF. AN RYEFEESES TERE C RS

%azxx ¥ R BRI,
211_Eﬁ/A:bFJSii/T\RJ:E’JlISZf&IEJEE EFIREAR LR BABEMAARG, B

i Z ¥ - S E-Z # M FO R AR E | E R LIRS . AT L[]k
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KIE

ZEHMAME IR RYUFEFSBERATEEEITHXRER. THNE
—MREMEIL.

HIN R BHRIN, W R LB SR AE—HE— & EHZ
MRS, Bzt REmEMFESE?. B URFTINES

(A+ B)(z) = A(z) + B(x)
(A B)(x) = A)B(2)

A ATFER ER iR EIRIERAI (8, E 7 ZE L FEE 4, p. 712 H
FEMANESHESMAMEFFZEAR, MEMARBHNES (EX
ARBMES) TFAELA L FITHEF, LAt RETESIEE.
SR ST FHHIX— £ R D ST IR BRI
TIESEM AEZTEH  AREHERAR t KASTRK 4, i
H A(R).
P X MMREHE N TSI EFRARZ (homomorphism).

PHAFATE E— TS TR HE AR (AEIZIERA R ATIERAER LAORRAS, MTIE
X —FIZEX R
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fh{E

EEEENE, MRSRNESER—ENT, BF R k-5
FRAHF—ES B EEHR——3[. —MEARFEARE E ST
RIR Z,[a] £ (r+ 1P = 2+ 1 (mod p). BAHEHEMRIH—1F5
142 R ERBR IR

i A B A R B S TR M T B i S S T
(R%) Mt MMBERERLER—HSRHE REMBNSE
BELRE REMEERENXNAREC AN, KAEHYEE LA
THESHAMEE. RIEH, 0F £ 25F, STMiEdSw{E
B 0 A RRRENSERE—E% n— | RHSTR.

ERARXRE AH AR ES It S TR RS E—RERMER, B
ST RN TIESN Bézout I [8, 8 7 5 6 HEHE 6, p. 35

FERIA, LRSI OENE, RABEBETETEHA n 8K
EEBINEEA, HHS SRR RS AN SEENNE. HT
EERE R BE—4 0t MEERERERES 2 MM ST,
Y ZEEETASREEN—ERNHEL.
PHFRERYAE—STR, ATIAEER LERTRERE.
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KESHENKERT

ZiXE, SIMAKKESHENEZERRTECENZHAHT. HHX
B3IF R EMESZ n— 1 RS EME " hp— 8, MEH
XEEKERTEMRE R" EN— M EMETR IBA V), HEERTE
&= Vandermonde %6F§. HERIXIKRERNITIE, HINEMEHREFE R"
FHIMHIEE, HBERAET n— 1 AHETRIEERL A R” ERZ
I3 i%.

EZHX R BER SRR, i£E 2] Vandermonde 1T ESHE
AEERTIES, #bkht V A B3L Lk, Vandermonde ZERE3KiF RIS TE
2 Lagrange fi{E, NMAH THEE R" hpEEFFEAELITNEZIHRK
SR ET. X5HIEFPEFREENGEESMBE I 2 [11, in

section: A perspective from linear algebral.

Ny s W IER PR (RS
*Lagrange $H{EAIHIE BRI TR L, B1T5IXIESHE H M TSN 708 LAY 2 1 == i)
hiER, ERMRER R 248,
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KESHE
I

ATHROEZTAMS IR BYHIXHSHKFE, BIAE
' SHEHT SIS AREMS SEEMNESEM.

HFSHAMEMARBHXMERNEBSNRR, FEECSLEE
BEABHMRETEN FLBATMRTROBEE REEHNICS
HERBREBBENFH A RRETH, A A(r) RTRZWMN A XA
ZHWNEH, A A RTRA tRASTR A, AREFEXSHFS
B An_EiE A9 #&iA.
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INERY DFT

ar

ETRTESTXEE R K ERENEARFE, B DFT/FFT
RISIT R FEERMRAKEIEE AT EE—THEX ST IFHIR
#l, NEEXEFEERMRAIF L —ALH DFT REPESE X FFT.

ATRHBEESET [12, section 2, The discrete Fourier transform
(DFT), pp. 983-984] % [13].

sunl23zxy (BITACMCLUB) A Convolution-Oriented FFT Tutorial August 1, 2023



IR ERYERAIR
AR

EMIE R ER n ) XEZBGHR (principal n-th root of unity) w, &
RN TEGHIF R R —PE:

EMIF R ERY n I RAJEESIIR (primitive n-th root of unity) w, &
HEMT AR R B —P &k

wh=1; wh£1, k=1,2,...,n—-1

AERMREFSBATESEEZRMREN, EFFETEER.
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I ERYRAIR
XAS5BKFR

EHIF R RER, WK EWAREMRER—EZEMR.

EBEES icn], £5=21wif, W
(1-w)S=S—w,S=1-w'"=0, HREBHRR W, =0HS5=0. O

IR R BI4FE™ char R & char R{n, M ELMFTZHMRBE
— PR FREAAAR.

wi=1, MY wk=r 1 =n-1#0, STEHMIRENF
. -

BE/m-1=37,1=0WENEEH m. FEEMEH 0. charC =0,
charZ, = p. ALLEREMEHE—ER 0 — R [8, F 7 EH 11 HEE 3, p. 70].
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MR EAIR
HEHR

4 RIRRIEE N AEE H Y Bézout TIE, BEIFAEER(TRFIA
ERMRAEESIE: & w, X LM 0 RTE (FE) B4R, Wk
BHEH o REE (FF) BAR.

EEE (W) =1 = (Wi, +1)(wh, —1) =0, HEFRLH 2n %
FTESREAELAR w, WHE W), = —1.
HER n REERREAEACAR o, BEEET o' =wl
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% wy BIF R ER— n REZBRMR, EXEE " LAY n =
DFT EX AL (BB )

1 1 1
_ 1w, ... wit
F= (wﬂ?) (ij)enxn : ) :
1 wrt o wgnfl)(nfl)
#n-1 3 R hfEEREST, W R” _ERY DFT @ik, Hi¥mksth?°
1 1 1
. 1 wl w;(nfl)
F= ()™ (@2 7) (emen = (1) 7 : , :
1 w;(n—l) o w;(n—l)(n—l)

PERAfEAEERMARKEN (KF05/32) BPFT.
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BIEEERFLER o], = -1, AENHKEEBILRINEH
SZRIRBEES FFT #idfe.

i% R BEBR, w, B3 R FW—A 20 REZHAMR HEEH
GARMIEESIE, of, BRI R b8 sy = n REBBMR. HER
n, iE(Un::(U%W

%,ﬁxq*ﬁ RQTL EPFEJ% a= (a()a A1y .-y a’2nfl)T 1& W2n XT.”‘—‘.ZH(J 2n {ﬁ
DFT 254, SBIEE a= (a0, 01,... 020 1) HF 0= Y% apwll.
BHBFEATA o= Ao(i) + A1 (w5, HHp

n—1 n—1
N L 2 : ik __ § : 21k
Ao(z) = agkw; = anwgﬁl
k=0 k=0

n—1 n—1

N ik 21k

A (i) == E k41w, = E A2kt 1 Wy
=0 =0
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EBE Ao(d) = Ao(n+14), A1(i) = Ar(n+1), #

a; = Ao(d) + A1 (4)wi,,

anyi = Ao(i) + A1 (it veld
M Ao(9), i € [n] BIHEBENTEEE ao = (a0, a2, . . ., a2n—2) INF wy
B n & DFT B8 A1(d), i € [n] OITERTEEE
ayp = (a1,a3,...,a0-1) SEF w, B n =2 DFT WIEEE.

Eik, € n=2m MAZER R _L7FEE 2™ REZHMR, WEF
Y FFT BABERATE O(nlog n) MR EIE RERBUEITE R™ LI
n S DFT. M& 2" 1,0<k<m7E R ABHFEESET, "W n &
IDFT AT Z&{pA3th R T &L
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EIRERSEREE

E—h, BB THABEZHRMRAIIF LR DFT RHIREH
ik FFT MARIER, (BETFHE TXEIEI Rz RIBRS], ST
KEHERELEELERSIINA, 3FE DFT MESTAERAYIE
EEEMEE.

EKRESHERIESENBRETSR VE " ERZERT, ER
F R® ERIINEEE, HRAERNET » WREENSRELA - £
AR AT, FADRIER DFT Tk F i ERHEMER, B
WX —ERET BERAEET n FHEER.
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BIRER

% R BTN, HINE Ao BRRE B" LR EERBRTURE.

% FE R EFEBRMR w, XM n SR DFT Tk, A, BR
R" PR MEERERRE. B F(A+ B)=FA+ FB, # DFT &k
REF R LROMiEIZE. REMNEEREE, KESHEBIIHTESR
WMA#E I (FA® FB) EREEIRRHIE R LT, BB AE
g®7

D
<

Ty
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BIRER

ACi = & ?) = Z Z] Z bkak Z Z a]bkwn]+k
7=0 7=0 k=0
n—1n—1 n—1n—1
ci = Z wy %y = Z w, Z Z a;by wt(]Jrk) Z Z a;by Z wnJJrk )
7=0 k=0 7=0 k=0 t=0

MEREMESKFIERAETERMIRMER (RM538), A

n—1n—1
=Y Y abdnljtk—d=3  ab
Jj=0 k=0 j+k=imod n

XERFBMEFRSR. LUEH R" REE a f1 b WEARERIEH
axb. HEMFE, BHERF, REET »— 1 WERTEES i
BB T LUREH 0 HIsRITLE.
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EREHE
AT i B ZAE AT

F(A*B)=FA® FB

XER—MRZHIF E DFT Tl (18IF) SIREE.

BHAMHEH, HEXRFMETRAER, SREERIRBERFAEE
HE—2MU DFT BRETRI TR’

SIEESFS DFT Bk, UEER. ERRIEAL.

K DFT ZFRIITIIN. RATEG/NATTHEEE.

CEAMEART FAENER, BIXEERE F AAERBRIT. REEOMEIE
IR R

LR, HERAER DFT ERHEMTER. 7 C" LMIEATSN [14], *
WA B RTEFEMR IR EARRA, i,

sunl23zxy (BITACMCLUB) A Convolution-Oriented FFT Tutorial August 1, 2023 79 /94




Table of Contents

© Advanced Operations

sunl23zxy (BITACMCLUB) A Convolution-Oriented FFT Tutorial August 1, 2023



o HpLE ?
o K. FFR. X%y, 5. ER. E6%
o NEHERY 7
o RKMBEWI/ILFHEEE, HEASRE/LTFHEXELH O(nlogn)
o Newton ERZRHESEFKBEKLARXMBEE
o EFRUFEH-—SHEARREIIEL, THATS
o AIEHA7
o HIR—IFIRIEUHERERBANASKER
o BEAMW?
o ZIRFAEMAMEHAGES, HINHARTE
o RkiFfaxdsy, HRIFAR Ol Wiki
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B KIS

BE—ZWN A(z), KE#HRE A(r)B(x) =1 (mod z") BT
B(z).
ETABFTHFENRILEFHREEHIET (XIREABRE
b= ), BEENEEENT—EM— XEEFTEEHTRKE
FEREL NR—MtE, RPN A(x) RHMEZ AFH 2n - 1 BER.

Yy

4
A(:IZ) = Ao(x) + :EnAl(.T)
B(:I?) = BQ(LIZ) + anl(:E)

BBt ED AN
A(z)Bo(z) = Ao(2)Bo(2) =1 (mod z")
HIERE EKREE A(x) . SRUZFENRESREN

T(n) = T(g) + O(nlogn) = O(nlogn)
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ZITUKA
MTHIE A(x) 5 A, HESTHARE E82

{AB() =1 (mod z") — A(B—By)=0 (mod z")
AB=1 (mod z")
BT Amod 2" IEFE, #

B—By=0 (mod z")

XMW, ZWMAFETHEEARE " TRRTRFREF .
ABEFE
B® —2BBy+ B:=0 (mod 2°")
AMEE A FABIE
B=2By— AB> (mod 2°")
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Poly inv(const Poly &A){
11 n=A.len(); Poly B(1); B[0]=inv(A[0]);
for (11l hf=1;hf<n;hf<<=1){
B=B*2-B*B*A.subpoly(0,hf*2); B.resize(hf*2);
} B.resize(n);
return B;

o BHEXMEE (UEET BIF.
o EfMRE A2 DFT B RELRESWK, HIvDEIH .
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ZInz In

BE—ZTRX A(z), RFEHBE Bx) =InA(z) (mod 2") BB

=
B

).
KA +oo MEXBEREN n ZENFESVELGEAEEHIIE
T (XREALREHE bo=lna), BE—BEFEENE— FEEE
# oao =108F, Ina) ATENSEL, MEEM o REER L

BEERRSN. FEANRNKXESE
A
- Aw)

B (z)

(mod 2" 1)

ABRSE

B(z) = / il((;) dz+ C (mod z")

Hth C=Ingy BWRKE. KT RS HEERE O(nlogn).
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Poly drv(Poly A){ // derivative
for(1l i=0;i<A.len();i++) A[il=(i+1)*A[i+1]_;
A.pop_back(); return A;

}
Poly itg(Poly A,11 c){ // integral
A.push_back(0); for(1ll i=A.len();i>=1;i--) A[i]=A[i-1]*inv(i)_;
A[0]=c; return A;
}
Poly 1n(const Poly &A){
return itg((drv(A)*inv(A)).subpoly(0,A.len()-1),0/*1log(A[0])*/);
}
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=

EHANGED, HSE.

=R &4 P3803 [4EtR] LA ki (FFT)
A P6091 [HEHR] B4R
&E P4238 [EHR] I FES
i&a P5205 [#EtR] ZBIN IR
BA PAT2S [HEIR] SR EE (ST In)
B PAT26 [#EHR] STXIEHEE (B exp)
BE P5245 [HRHR] ZIEUIRIER
®A P1919 [#E4R] A*B Problem HZERR (FFT gy
HEMTTHR)
SPOJ-TSUM Triple Sums
e BZ0J3513-MUTC2013 Idiots
LEMESEZ OGF iHF, 8 EGF HFEME. —i
K7 LR EA Polya 1H41/FIE.

KEHFE

Bt

sunl23zxy (BITACMCLUB) A Convolution-Oriented FFT Tutorial August 1, 2023


https://www.luogu.com.cn/problem/P3803
https://www.luogu.com.cn/problem/P6091
https://www.luogu.com.cn/problem/P4238
https://www.luogu.com.cn/problem/P5205
https://www.luogu.com.cn/problem/P4725
https://www.luogu.com.cn/problem/P4726
https://www.luogu.com.cn/problem/P5245
https://www.luogu.com.cn/problem/P1919
https://www.spoj.com/problems/TSUM/

iiz& e ABC291G OR Sum
HRIEEEEHI N A

SFFT o HEZE 2023 #1ESE 15 T8
EREEETEET - XRSHAFR, 26 NTT BJ
aJ.

s HEZE 2023 HIEFE—15 T6
3ot ERRMILE COQ B

o BA P4721 [#E#R] 4 FFT
CDQ R 1{LEEEIJFIT‘I1ZE% AT R R A 12 E
MK

FfHEHE e ABCIL96F Substring 2

o BA PALT3 FRERHIFHH
HRFABRANFAELE. AREEFHEES
R IE.
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https://atcoder.jp/contests/abc291/tasks/abc291_g
https://www.bilibili.com/video/BV1p14y1z7sF
https://www.luogu.com.cn/problem/P4721
https://atcoder.jp/contests/abc196/tasks/abc196_f
https://www.luogu.com.cn/problem/P4173

25 e &A P4T21 [HEAR] 4i& FFT
AR08 4 Y R S0 B L 2 B TR IR B .
° iBH P4389 RIEME
fRR I I A A7 A AT BT SRt E.
o %A P4841 [EIIBAEML 2013] HH#IKI
EGF JHFRIS . K5 ol SRS BT %
o LOJ6538 ke ELTT4] - MNSEAR - SRSEAR
X £ A B B4 AR Polya 114K
Polya ex. ZKIff#E —CyiHy B9 RAHETTEL
QO0J5748-UCUP2023-Stage7-K Determinant, or...?
EUAELTER (aiorj)(@j)Ean 1THKR1E, RiER
EEAMER FMT BER. EFTIXERELRE. &
REEYIERR BRNEGH—FEHRTEESRFELR
BERXRERSEH [15], FiBITiL.

;
o}
®
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https://www.luogu.com.cn/problem/P4721
https://www.luogu.com.cn/problem/P4389
https://www.luogu.com.cn/problem/P4841
https://loj.ac/p/6538
https://qoj.ac/problem/5748
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